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Executive Summary

This deliverable addresses themethodology for the stability assessment of future power sys-
tems (particularly converter-based power systems). Future power systems feature a high
penetration of converter-based resources such as wind turbines, photovoltaic generation
units, and energy storage systems. In particular, there will be scenarios in which standalone
power systems (e.g., islanded microgrids) may operate without synchronous generators or
with very few ones, which gives rise to 100% converter-based power systems. For such
systems, the dynamic characteristics of converters reshape the dynamic behavior of the
power systems and endanger their stable operation. This deliverable provides linear meth-
ods (in both the time domain and frequency domain), as well as a nonlinear method to
address the stability assessment and guarantee of converter-based power systems.

Grid-formingcontrols are recognizedas apromising solution for the control of converter-
based power systems. Among these, the dispatchable virtual oscillator control (dVOC)
is considered to be the most performant grid-forming control. Complex frequency is a
recently-developed concept, which represents the rate of change of the voltage ampli-
tude and the phase angle by its real and imaginary parts, respectively. From the perspec-
tive of complex frequency, the dVOC is revealed to be equivalent to a complex-power-
frequency droop control (complex droop control for short) and to be able to achieve
complex-frequency synchronization. The voltage regulation of thedVOC steers the chang-
ing voltage amplitudes in a complex-frequency synchronous state to a voltage steady
state. The complex droop control can be seen as a new ancillary service in the sense that
it is a multivariable droop control with respect to frequency and the rate of change of
voltage amplitude, and it has better stability properties than the standard droop control.

To address the stability assessment of complex-droop-controlled converter-basedpower
systems with respect to both phase and voltage amplitude, on the one hand, a few lin-
ear methods are developed to assess complex-frequency synchronization and voltage
stabilization. The linear methods can be utilized in both the time domain and frequency
domain, and they are practically useful but rely on some assumptions to give rise to linear-
ity properties. On the other hand, a rigorous nonlinear method is developed to show the
stability guarantee of complex-droop-controlled converter-based power systems. These
methods provide parametric conditions for a global stability guarantee and therefore of-
fer practical guidelines for the stable operation of converter-based power systems.
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R The set of real numbers

C The set of complex numbers
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x A vector with real entries

x A vector with complex entries

A A matrix with real entries

A A matrix with complex entries

AT The transpose of A ∈ Cm×n

AH The Hermitian transpose of A ∈ Cm×n
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∥x∥ The Euclidean norm (xHx)1/2 of x

∥A∥ The induced 2-norm of A ∈ Cm×n

∥x∥C The distance of a point x to a set C, i.e., minz∈C ∥z − x∥

diag (x) The diagonal matrix formed from a vector x

diag (x) The diagonal matrix formed from a vector x

R(·) The real part of a complex scalar, vector, or matrix

I (·) The imaginary part of a complex scalar, vector, or matrix
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1 Description and Modeling of Future Power Systems

1.1 Background and Motivation

Recent years have witnessed an ever-increasing proportion of renewable energy genera-
tion in electric power systems. According to some predictions, renewable energy sources
will account formore andmore percent of primary energy in the future, and it probably be-
comes the largest source of electricity in the world [1]. The extensive replacement of con-
ventional synchronous generation with converter-interfaced renewable energy sources is
causing a huge transformation in power systems. In future power systems, synchronous
generators (SGs) and converters will coexist [2, 3]. In particular, there will be scenarios
in which islanded distribution grid or standalone power systems may operate without con-
ventional synchronous generators or with very few synchronous generators (i.e., converter-
based power systems) [4]. For future power systems, the dynamic characteristics of con-
verters significantly affect the dynamic behavior of the overall system, leading to low in-
ertia, multi-time-scale dynamics, increased vulnerability under large disturbances, etc [5].
Therefore, future power systems face great challenges in terms of stable operation.

The dynamic characteristics of converters are mainly dictated by control strategies
(and protection measures). There are broadly two types of control strategies for voltage-
source converters, i.e., grid-following (GFL) controls and grid-forming (GFM) controls [3].
Grid-following controls require an external signal that serves as a reference signal to pro-
duce a sine wave current that is adequate for injection into the grid. A fundamental as-
sumption for the operation of grid-following inverters is a connection to a stiff grid (with
high strength and high inertia level) [3]. As the penetration of converters increases or even
reaches 100%, the grid strength and the inertia level generally decline. In future power sys-
tems, converters must also shoulder the responsibility of forming the grid voltage. A class
of control strategies to handle this responsibility is called GFM control. GFM converters act
as voltage sources and independently generate ac waveforms, which is the main differ-
ence from grid-following converters [3]. In this sense, GFM controls are an indispensable
solution to accommodate a high penetration of renewable energy generation in future
power systems [6].

Aside from the heterogeneity at the power generation source side, the power network
side has also become heterogeneous in terms of the network impedance characteris-
tics [7] due to the penetration of distributed energy resources into different levels of sub-
networks. For conventional power grids, synchronous generators interact mainly through
high-voltage transmission networks. The dominantly inductive network characteristics lead
to an approximate P /θ and Q/V separation [8]. This separation makes it reasonable to as-
sume fixed voltage and hence greatly reduces the difficulty in analytical studies of power
system stability [9]. For future power systems, P /θ and Q/V dynamics become tightly cou-
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pled, especially in distribution networks (with low X/R ratios) [7], which are being increas-
ingly penetrated by distributed energy resources. This P /θ and Q/V coupling leads to a
big challenge in analytical stability studies, which remains open in the literature.

In this deliverable, we develop novel methodologies for the stability assessment of GFM
converter-based future power systems. Without loss of generality, the power networks we
considered are with general impedance characteristics (i.e., with non-uniform X/R ratios).
To do so, this chapter will address the modeling of converters, power networks, and then
converter-based power systems. Note that we also address the modeling of synchronous
generators and more general power systems with converters and generators in this chap-
ter. This will facilitate our future research on the extensions of the results in this deliverable
to more general power systems with both converters and synchronous generators.

1.2 Modeling of Converters, Generators, and Networks

Consider a three-phase power system, in which converters, generators, and loads are in-
terconnected by power networks. The converter nodes are modeled as voltage sources
since we apply GFM controls. The generator nodes are modeled as voltage sources with
electromotive forces. The load nodes are represented by RLC branches or their corre-
sponding static impedance, which is a common assumption typically used in analytical
stability studies [10].

1.2.1 Power Networks

When ignoring the network dynamics, we obtain a static representation of the network.
A reduced network is further obtained using Kron reduction, in which the load nodes are
eliminated [11]. The reduced network is represented by an admittance matrix Y ∈ CN×N .
For each converter, we define an output current io,k ∈ C and a terminal voltage vk ∈ C.
We express vk with the amplitude vk and the phase angle θk as

vk = vk(cos θk + j sin θk) = vke
jθk . (1)

The network equation is given by
io = Y v, (2)

where io := [io,1, · · · , io,N ]T and v := [v1, · · · , vN ]T. The power-flow equations of the network
are given by

sk =
N∑
l=1

y
kl

(
vke

jθk
)(
vle

−jθl
)
, (3)

where sk := pk + jqk = vkio,k denotes the power injection at node k, and y
kl
is the kth row

and lth column entry of Y .
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1.2.2 Grid-Forming Converters

TheGFMcontrol provides apreferred solution for the control of converter-dominatedpower
systems (typically standalone power systems or microgrids). One of the state-of-the-art
GFM controls is virtual oscillator control [12]. An advanced version, dispatchable virtual
oscillator control (dVOC), was recently developed by a top-down design procedure in
[13–15] or a bottom-up design procedure in [16]. The dVOC reduces to a droop control
under a small voltage amplitude deviation [17]. There is a growing consensus that dVOC is
the most performant GFM control [18]. We therefore consider this advanced type of GFM
control in the modeling and analysis of this deliverable.

In the literature, there are three similar dVOC laws, i.e., dVOC in [13], dVOC variant I
in [14], and dVOC variant II in [19] as outlined in the following.

dVOC:When the converters are controlled by a dVOCcontroller, their terminal voltage
behavior is given in complex-voltage coordinates as [13]

v̇k = jω0vk + ηejφ
(p⋆k − jq⋆k

v⋆2k
vk − io,k

)
+ ηα

v⋆k − |vk|
v⋆k

vk, (4)

where ω0 denotes the fundamental frequency, p⋆k, q⋆k, and v⋆k denote the active power,
reactive power, and voltage setpoints, respectively, ejφ with φ ∈ [0, π/2] denotes the rota-
tion operator to adapt to the network impedance characteristics, and η, α > 0 are control
gains. In (4), we use complex-valued ordinary differential equations (ODEs) as short-hands
for two-dimensional (real-valued) ODEs in αβ coordinates. Hence, derivatives should also
be understood as real-valued. In the dVOC control law in (4), the first term induces har-
monic oscillations of frequency ω0, the second term synchronizes the relative phase angles
to the power setpoints via current feedback, and the third term regulates the voltage am-
plitude. We notice that the first two terms are linear whereas the third term is nonlinear.

dVOC variant I: Instead of the voltage amplitude feedback directly to the voltage reg-
ulation term in (4), we can alternatively take the square of the voltage amplitude as the
feedback signal. This produces a dVOC variant as [14]

v̇k = jω0vk + ηejφ
(p⋆k − jq⋆k

v⋆2k
vk − io,k

)
+ ηα

v⋆2k − |vk|
2

v⋆2k
vk. (5)

As shown later in Chapter 4, this dVOC variant makes it addressable to assess the voltage
stabilization by a Lyapunov nonlinear method.

dVOCvariant II: There is another dVOCvariant, which takes the logarithmof the voltage
amplitude as the feedback signal [19]

v̇k = ϖ0vk + ηejφ
(p⋆k − jq⋆k

v⋆2k
vk − io,k

)
+ ηα (u⋆k − uk) vk, (6)

where uk := ln |vk| and u⋆k := ln v⋆k. As shown later in Chapter 3, this dVOC variant makes it
addressable to assess the voltage stabilization by a linear method.
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Considering the generality of the dVOC controller, we remark that it is not a novel con-
troller that is fundamentally different from existing GFM controllers, but a generic one that
is backward compatible with most of the existing ones. Namely, both the dVOC and the
existing GFM controllers can be reduced to a droop relationship during near the steady
state, which is the core building block of all GFM controls. The detailed discussion about
this generality will be deferred to Section 2.7.

1.2.3 Synchronous Generators

Generally, in transient stability analytical studies of conventional power systems, it is as-
sumed that synchronous generators have fixed amplitudes of their internal electromotive
forces. We denote the internal voltages by vk as well. The phase angles of the internal volt-
ages (electromotive forces) are governed by themotion of the rotor of the generators. The
equation of the rotor swing motion is given as

θ̇k = ωk,

TJ,kω̇k = pm,k − R(sk)− dk(ωk − 1),
(7)

where TJ,k denotes the time constant of the moment of inertia, pm,k denotes the mechan-
ical power input, and dk denotes the damping coefficient. We note that the internal in-
ductance of the generators is modeled into the power networks to yield a compact form
of the overall system model.

The model in (7) can be transformed into complex-voltage coordinates as

v̇k = jωkvk,

TJ,kω̇k = pm,k − R(vkio,k)− dk(ωk − 1),
(8)

where the amplitude of vk remains fixed (as assumed above). To further consider the volt-
age amplitude dynamics, we should resort to a higher-order model (e.g., the flux-decay
model as in [20]). This, nevertheless, will lead to more difficulties in analytical stability stud-
ies.

1.3 Modeling of Converter-Based Power Systems

We consider a connected, three-phase balanced, and converter-based power system.
Among these, there are N converter nodes, as seen in Fig. 1. The overall system model is
obtained by interconnecting the network equation (2) and the nodal dVOC dynamics in
(4), i.e.,

v̇ = jω0v + ηejφ
[
diag

({p⋆k − jq⋆k
v⋆2k

}N

k=1

)
− Y

]
v + ηαdiag

({v⋆k − vk
v⋆k

}N

k=1

)
v, (9)
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1 1,r l1v

 convertersN

Figure 1: A dVOC-controlled converter-based power system.
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Figure 2: A power system with converters and generators.

where all shunt loads in the network admittance matrix Y can be absorbed into the corre-
sponding setpoints (p⋆k − jq⋆k)/v

⋆2
k such that we consider Y ∈ CN×N a complex-valued and

symmetric Laplacian matrix with zero row sums [21]. Note that in (9), the dVOC dynamics
can also employ the variant I in (5) or II in (6).

We are concerned with the stability (with respect to both θ and V ) of the dVOC-based
power system in (9). The system has been shown to be almost globally asymptotically sta-
ble under certain parametric conditions [13–15]. The results were achieved by a set of
nonlinear stability analysis approaches including Lyapunov analysis and singular perturba-
tion analysis. The analysis was theoretically rigorous. However, two restrictive assumptions
were required to make the problem tractable: first, the resistance-inductance (r/ℓ) ratios
are assumed to be uniform [14, Assumption 1], and second, the power and voltage set-
points are considered to be consistent with the power-flow equations [14, Condition 1]. As
opposed to this, we take a complex-frequency perspective to reformulate the system, as
shown in Chapter 2, and provide novel and more general analysis methods, as shown in
Chapter 3, where both assumptions are not required.
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1.4 Modeling of Power Systems With Converters and Generators

We consider a connected, three-phase balanced power system. Among these, there are
N1 converter nodes (denoted as a setN1 := {1, · · · , N1}) andN2 generator nodes (denoted
as a set N2 := {N1+1, · · · , N1+N2}), as seen in Fig. 2. The overall system model is obtained
by interconnecting the network equation (2), the nodal dVOC dynamics in (4), and the
nodal generator dynamics in (8) as

v̇k = jω0vk + ηejφ
(p⋆k − jq⋆k

v⋆2k
vk − io,k

)
+ ηα

v⋆k − |vk|
v⋆k

vk, ∀k ∈ N1,

v̇k = jωkvk, ∀k ∈ N2,

TJ,kω̇k = pm,k − R(vkio,k)− dk(ωk − 1), ∀k ∈ N2,

io = Y v.

(10)

We are concerned with the stability issue (with respect to both θ and V ) of the system in
(10). It is apparent that the converters and the generators follow different dynamic equa-
tions (in terms of orders and forms), which brings about significant difficulties in investigating
this stability issue. To the best of our knowledge, this stability issue remains unaddressed in
the literature. We will attempt to investigate the stability issue of this system in the future
based on the concepts and methods presented for converter-based power systems.

1.5 Summary

In this chapter, weestablished themodels of dVOC-controlledGFMconverters, synchronous
generators, and power networks. Based on these, we also established themodel of dVOC-
controlled converter-basedpower systems and themodel of amore general power system
with dVOC-controlled converters and synchronous generators. These models will be used
in the following chapters to deal with stability assessment.

14
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2 Definition of Novel Concepts and Reformulation of the Systems

In this chapter, we define some novel concepts to pave the way for the linear stability
analysis in Chapter 3 and the nonlinear stability analysis in Chapter 4. In particular, we take
a complex-frequency perspective to reformulate the dVOC-controlled converter-based
power system in (9). The results in this chapter have been reported in our preprint [19].

2.1 Complex Frequency

Consider the complex voltage expression in (1) with non-zero amplitude. We define a
complex angle ϑk to lead to vk = eϑk [22], which can be seen as a transformation between
complex-voltage coordinates and “complex-angle” coordinates.

Definition 1. (Complex angle [22,23]): Given the voltage amplitude vk (in per unit) and the
phase angle θk (in radian), we define the complex angle ϑk := uk + jθk, where uk := ln vk is
called voltage logarithm (dimensionless, or with units similar to radian).

Definition 2. (Complex frequency [22, 23]): We define the complex frequency ϖk := ϑ̇k =

v̇k/vk + jθ̇k = εk + jωk by the time-derivative of ϑk, where εk = v̇k/vk is the normalized rate
of change of voltage (rocov), and ωk is the angular frequency.

The notion of complex frequency has been recently developed in [23] and [22]. A geo-
metrical interpretation of it is providedas follows [24]. Considerϖk = ϑ̇k = v̇k/vk = v̇kvk/v

2
k =

(v̇∥ + v̇⊥)vk/v
2
k, where v̇k is decomposed into a radial component v̇∥ and a rotating com-

ponent v̇⊥, which are parallel and perpendicular to vk, respectively (see Fig. 3). We notice
that v̇∥vk denotes a real number because v̇∥ and vk have opposite phases, and then v̇⊥vk

denotes an imaginary number. Hence, the radial and rotating components correspond
to the real and imaginary parts of the complex frequency, respectively. In other words,
the notion of complex frequency allows for representing two-dimensional frequency infor-
mation, i.e., the rate of change of voltage in the radial direction and the angular speed in
the rotational direction. We denote byϖ0 := jω0 the nominal complex frequency. We also
note that the ln (v) coordinate in Definition 1 and its differential dv/v in Definition 2 have
been used before in conventional power system static and dynamic analysis [25,26].

2.2 Complex-Frequency Synchronization

We define the novel concept of complex-frequency synchronization as follows.

Definition 3. (Complex-frequency synchronization): ConsiderN nodes in a connected net-
work. The voltage trajectories achieve complex-frequency synchronization if all complex
frequencies ϑ̇k = v̇k/vk converge to a common constant complex frequency ϖsync as
t → ∞, i.e., ϑ̇k → ϖsync, t → ∞, ∀k.
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Figure 3: The instantaneous complex frequency ϖk = εk + jωk is comprised by a radial component
εk and an rotating component jωk.

Complex-frequency synchronization implies both angular frequency synchronization
θ̇k → I (ϖsync) and rocov synchronization v̇k/vk → R(ϖsync). Typically, one is interested
in v̇k = 0 [27]. We use (nonzero) rocov together with frequency as a global variable to
indicate power imbalance.

Remark 1. Thepower systemoperation requires that only the fundamental-frequency com-
ponent is present in the synchronous state. This requirement is not a direct consequence of
Definition 3. For example, consider vk = eϖsynct+ceϖnont, which contains a non-fundamental
component eϖnont, and let R(ϖsync) > R(ϖnon). We obtain that limt→∞(v̇k/vk) = ϖsync. This
is in line with Definition 3. To allow only the fundamental-frequency component, we require
c = 0. We consider this requirement by default in the subsequent analysis.

2.3 Normalized Power-Flow Equations

In a synchronous state under the classical notion, the power flow in (3) is invariant, i.e., bal-
anced, where the phase angle differences remain invariant while the voltage amplitudes
are assumed to be constant. For a complex-frequency synchronous state, the power flow
in (3) is not invariant due to the voltage amplitude variations. To find an invariant “power
flow” to represent the load/generation balance, in this case, we resort to normalizing the
power as ςk := ρk + jσk := sk/v

2
k = (pk + jqk)/v

2
k, where ρk := pk/v

2
k and σk := qk/v

2
k are

referred to as normalized active and reactive power, respectively. We then derive from
(3) the normalized power-flow equations, their conjugates, and the vector form as

ςk =
N∑
l=1

y
kl
eϑl−ϑk , (11)

ςk =
N∑
l=1

y
kl
eϑl−ϑk =

N∑
l=1

y
kl

vl
vk

, (12)

ς = [ς1, · · · , ςN ]T = diag
({ 1

vk

}N

k=1

)
Y v. (13)

Proposition 1. Both the complex-voltage ratio vl/vk and the normalized power ςk remain
invariant in a synchronous state.
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Proof. From d
dt

vl
vk

=
vl
vk

(
v̇l
vl

− v̇k
vk

)
=

vl
vk

(
ϑ̇l − ϑ̇k

)
, it follows that d

dt
vl
vk

= 0 in the synchronous
state where ϑ̇l = ϑ̇k. It then follows from (12) that ςk also remains invariant in a synchronous
state.

Since vl/vk = vl/vke
j(θl−θk), vl/vk remaining invariant in a synchronous state implies that

the voltage amplitude ratio and the phase angle difference remain invariant. In terms of
voltage amplitudes, they are allowed to change with time in a synchronous state. This
property is of significance because the classical constant-voltage assumption is dropped.
It is of course not of relevance in a steady state but during transients. We note that nonzero
rocov has also been used as a global load-generation imbalance signal in dc microgrids
[28], and related logarithm voltage and normalized power coordinates have also been
used in [29].

2.4 Augmentation of DC Power-Flow Equations

We define complex-angle differences as ϑlk := ϑl − ϑk. Assume small ϑlk, which implies
vk ≈ vl and θk ≈ θl. We can then approximate eϑlk as eϑlk ≈ 1 + ϑlk by the leading
terms of the Maclaurin Series. Substituting this approximation into (12), we obtain that
ςk ≈

∑N
l=1 ykl (1 + ϑlk). We thus define the dc complex power flow as follows.

Definition 4. (DC complex power flow) Assume small complex angle differences ϑlk ≈ 0.
The dc complex power flow ςdck is defined as

ςdck :=
N∑
l=1

y
kl
(1 + ϑlk), (14)

or formulated in the vector form as

ςdc = diag
(
{1− ϑk}Nk=1

)
Y 1N + Y ϑ = Y ϑ, (15)

where ςdc := [ςdc1 , · · · , ςdcN ]T, ϑ := [ϑ1, · · · , ϑN ]T, 1N denotes the column vector of all ones,
and Y 1N = 0N .

Remark 2. The presented dc complex power-flow equations augment the classical dc
power-flow equations from the complex angle perspective. The latter ones are stated for
active power only [30]. For a branch with admittance y between node k and l, the dc
complex power flowing from node k to l is (14)

ςdc = y (ϑk − ϑl) .

In comparison, the classical dc power flow reads

pdc = (θk − θl)/x,
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which holds with two additional assumptions: first, the network is dominantly inductive,
i.e., y = 1/(jx), and second, vk ≈ vl ≈ 1. When applying these two assumptions, the dc
complex power flow degenerates into the classical one.

Remark 3. Thedccomplex power flow is lossless across the network, as observedby 1TNςdc =

1
T
NY ϑ = 0 from (15). This holds for any network impedance characteristics. Note that the

ac power flow in (3) (without being normalized and dc approximation) is still lossy.

2.5 Reformulation of Linear Virtual Oscillator Control

We proceed with a linear virtual oscillator control (LVOC) formulation for converters to
achieve complex-frequency synchronization. The LVOC is defined by the first two terms of
the dVOC control law in (4) (or the variants in (5) and (6)) as

v̇k = ϖ0vk + ηejφ
(
ς⋆kvk − io,k

)
, (16)

where ς⋆k = (p⋆k − jq⋆k)/v
⋆2
k denotes the normalized power setpoint. In [13], the formulation

of dVOC has been interpreted from a consensus synchronization perspective. We provide
another insightful interpretation from the viewpoint of droop control.

Proposition 2. The LVOC in (16) is equivalent to a complex-power-frequency droop control
(complex droop control for short), i.e.,

ϑ̇k = ϖ0 + ηejφ
(
ς⋆k − ςk

)
. (17)

Proof. The proof is straightforward by expanding (17) as ϑ̇k = v̇k/vk and ςk = (pk − jqk)/v
2
k =

(vkio,k)/v
2
k = io,k/vk.

Proposition 2 suggests that LVOC (16) can possibly achieve complex-frequency syn-
chronization similar to a droop control, where the complex frequency ϑ̇k indicates the
balance of the normalized power ςk. In addition, Proposition 2 implies that LVOC can be
seen as a new grid ancillary service compared to the conventional primary frequency
regulation formulated by the p-f droop control.

2.6 Voltage Regulation for the LVOC

Whenapplyingφ = π/2 in (17), the real part of it results in a constant-reactive-power control
with respect to the amplitude part, i.e., v̇k/vk = η (σ⋆

k − σk). To enable voltage regulation,
we augment the LVOC with a voltage amplitude regulation term. One option is to add a
proportional control term as in the dVOC in (4). Alternatively, one can resort to controlling
the voltage logarithm ln vk using another dVOC controller (cf. the dVOC variant II in (6))
similar to the classical dVOC in (4) as

v̇k = ϖ0vk + ηejφ
(
ς⋆kvk − io,k

)
+ ηα (u⋆k − uk) vk, (18)
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where uk = ln vk and u⋆k := ln v⋆k. The dVOC in (18) is equivalent to a voltage regulation-
enabled complex droop control as in (17), which reads in complex-angle coordinates as

ϑ̇k = ϖ0 + ηejφ
(
ς⋆k − ςk

)
+ ηα (u⋆k − uk) . (19)

Thus, a q-v droop control of the form v̇k/vk = η(σ⋆
k − σk) + ηα(u⋆k − uk) can be derived from

(18) for φ = π/2. In analogy, v̇k/vk = η(σ⋆
k − σk) + ηα(v⋆k − vk)/v

⋆
k can be obtained from the

classical dVOC [13]. These two q-v droop controls reveal to be highly similar around the
operating region where vk ≈ v⋆k. This claim holds due to 1 − vk/v

⋆
k ≈ ln v⋆k − ln vk following

from the Taylor Series lnx = x− 1 + o(x− 1).

2.7 Relationship Between dVOC and the Other GFM Controls

Remark 4. The dVOC is backward compatible with existing GFM controllers including p-f
droop control, highly damped virtual synchronous machine (VSM), and highly damped
matching control. This compatibility is not surprising since the dVOC is equivalent to a
complex droop control while the droop relationship is the core building block of all GFM
controls.

To elaborate on the compatibility, these existing controllers should be normalized in
terms of their power feedback signals. For normalized p-f droop control θ̇k = ω0+η (ρ∗k − ρk),
the compatibility is apparent as shown before.

For VSM, the controller normalized is given by

mkθ̈k + dkθ̇k = ρ∗k − ρk + dkω0 (20)

where it should be noted that dk is not necessarily a constant damping/droop gain but can
be an equivalent dynamic gain [31]. It can become large though to enhance damping
in transient periods but contributes appropriately small as a droop gain in a steady state.
This is much beneficial to damp oscillations. Under the parametric assumption for high
damping that there exists a small enough constant ϵ∗ > 0 such that (maxk mk)/(mink dk) <

ϵ∗, the dynamics of VSM is approximated by a first-order equation [32]

dkθ̇k = ρ∗k − ρk + dkω0 (21)

which is equivalent to the normalized p-f droop control. Therefore, it follows that highly-
damped VSM can be subsumed by the LVOC.

For matching control, the controller dynamics, the dc voltage dynamics, and the dc
voltage controller are described by, respectively [33]

θ̇k = kθvdc,k

cdc,kvdc,kv̇dc,k = vdc,kidc,k − pk

idc,k = v2k

[
kdc

(
v∗dc,k − vdc,k

)
+ ι∗dc,k

] (22)
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where the third controller equation is normalized (inversely) with v2k, and ι∗dc,k denotes the
normalized dc current set point. Synthesizing these equations gives rise to

cdc,k
kθ

θ̈k +
kdcv

2
k

kθ
θ̇k = v2k

(
kdcv

∗
dc,k + ι∗dc,k

)
− kθ

ωk
pk. (23)

Analogously, under the parametric assumption for high damping that there exists a small
enough constant ϵ∗ > 0 such that maxk

cdc,k
kdcv

2
k
< ϵ∗, the dynamics of (23) is approximated by

kdcω0

kθ
θ̇k = ω0

(
kdcv

∗
dc,k + ι∗dc,k

)
− kθρk (24)

where ω0 is used to approximate ωk considering the fact that the range of frequency vari-
ation is usually small. The equivalence in equation forms is observed between (21) and
(24). This is not surprising because both VSM and matching control mimic the dynamics of
synchronous machines. Under the condition of high damping, both can be reduced to a
first-order equation with the same form as droop control. Naturally, all three are compati-
ble with the LVOC controller in terms of active power control.

In terms of reactive power control, there aremultiplemodes for reactive power/voltage
control, typically including q-v droopmodeandconstant-qmode (or power factormode).
It has been shown that the dVOC is able to provide these two control modes.

2.8 Summary

In this chapter, we defined the concept of complex-frequency synchronization, derived
the normalizedpower-flowequations, anddeveloped theaugmenteddccomplex power-
flow equations. These novel definitions will be helpful to analyze the stability of converter-
based power systems. In particular, since the complex frequency is a two-dimensional
signal indicating the imbalance of complex power, the concept of complex-frequency
synchronization can be used to uniformly treat the angle and amplitude dynamics driven
by the complex power imbalance. We revealed that the previously-developed dVOC is
equivalent to a complex (complex-power-frequency) droop control. In this regard, the
dVOC is compatible with most of the existing GFM controls and can represent a generic
GFM controller.
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3 Linear Methods to Assess the Stability of Converter-Based Power
Systems

In this chapter, we present linear methods to investigate the phase-amplitude coupled
stability of a dVOC-controlled power system from the “complex-frequency” perspective.
We show that complex-frequency synchronization can be achieved with the linear part of
dVOC on the fast time scale. On the slower time scale, the system converges from the syn-
chronous state to a voltage steady state. The slow system is also linear when viewed froma
“complex angle” perspective. Consequently, the original phase-amplitude coupled non-
linear stability problem is converted into two linear subproblems: complex-frequency syn-
chronization and voltage stabilization. We apply linear system theory to solve these two
subproblems separately. By doing so, the challenge of directly treating nonlinear stability
is avoided, and we can handle the case of drooped steady states and nonuniform net-
works. We derive quantitative stability conditions in the time domain and also provide ad-
mittance models and criteria in the frequency domain. Our study provides linear methods
with high practicality to address the phase-amplitude coupled stability issue. The results in
this chapter have been reported in our preprint [19].

Tomake the slow system linear and adopt a liner method into voltage stabilization anal-
ysis, we employ the dVOC variant II, which modifies the overall system model in (9) into

v̇ = ϖ0v + ηejφ (diag (ς⋆)− Y )v + ηαΨ(v)v, (25)

where ς⋆ := [ς⋆1, · · · , ς
⋆
N ]T, Ψ(v) := diag

(
{u⋆k − ln |vk|}Nk=1

)
.

3.1 Separation into Fast and Slow Systems

The system in (25) is composed of a linear part (the first two terms) and a nonlinear part (the
third term). The linear part enables synchronization, while the nonlinear part establishes a
voltage steady state. In the original dVOCarticles [13–15], these two termswere separated
by choosing α small, i.e., down-tuning the voltage regulation. Here, we consider the time-
scale separation between the two parts such that they can be treated separately. To do
so, we incorporate a low-pass filter into the amplitude feedback to slow down the voltage
regulation. The filter is also necessary for harmonic filtering in actual practice. The system
in (25) is then modified as

v̇ = ϖ0v + ηejφ (diag (ς⋆)− Y )v + ηαdiag
(
u⋆ − uf

)
v

τ u̇f =
[
ln |v1|, · · · , ln |vN |

]T − uf ,
(26)

where u⋆ := [u⋆1, · · · , u⋆N ]T, uf is the filtered version of u :=
[
ln |v1|, · · · , ln |vN |

]T
= R(ϑ), and

τ > 0 is the filter time constant. Using ϑ̇k = v̇k/vk, the system in (26) can then be represented
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in complex-angle coordinates equivalently as

ϑ̇ = ϖ01N + ηejφ (ς⋆ − ς) + ηα (u⋆ − uf )

τ u̇f = u− uf = R(ϑ)− uf .
(27)

Linear Fast System: On the time scale of fast synchronization dynamics, uf in (26) is
considered to be constant. Consequently, the synchronization dynamics are represented
by the fast system as

v̇ = ϖ0v + ηejφ (diag (ς∗)− Y )v, (28)

where ς∗ := ς⋆ + αe−jφ (u⋆ − uf ) is the equivalent power reference for this fast system. We
note that the fast system in (28) is linear when seen from the complex-voltage coordinate
frame. Moreover, we note that this linear system is generic with all the dVOC variants in (4)
to (6).

Linearly Approximate Slow System: On the slower time scale of voltage amplitude regu-
lation, we assume that the faster complex-frequency synchronization is already achieved.
For a tractable analysis of voltage stabilization, we thus propose to apply the dc complex
power-flow equations derived in Section 2.4. This is reasonable because the system has al-
ready reached a synchronous state and the synchronized angle differences ϑlk are quite
small. Consequently, the dc complex power-flow equations hold well. When approximat-
ing ς in (27) with ςdc = Y ϑ, the slow system is obtained as

ϑ̇ = ϖ01N + ηejφ (ς⋆ − Y ϑ) + ηα (u⋆ − uf )

τ u̇f = R(ϑ)− uf .
(29)

The slow system is formulated in complex-angle coordinates to accommodate the dc
complex power-flow equations. When seen from this coordinate frame, the slow system in
(29) is linear. We note that this slow system is only applicable for the dVOC variant II in (18).

Remark 5. When viewed from a different coordinate frame, both systems in (28) and (29)
become nonlinear. We highlight that the adoption of coordinates matters. This is an in-
teresting and important observation such that we can apply linear system analysis to yield
actionable results on the phase-amplitude coupled stability issue. The difficulty of directly
analyzing the nonlinear coupled dynamics of the system in (25) is thus avoided.

Remark 6. The system under disturbances is supposed to first reach a synchronous state
and then a voltage steady state. This does fit actual operational requirements, where the
deviation range for voltage is much larger than that for frequency (e.g., about ±10% for
voltage vs. about ±1.0% for frequency) [34]. In view of synchronization dynamics being
faster than voltage convergence, the two subproblems, complex-frequency synchroniza-
tion and voltage stabilization, can be analyzed separately.
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3.2 Complex-Frequency Synchronization Analysis

3.2.1 A Time-Domain Method

We first analyze complex-frequency synchronization stability by focusing on the fast system.
The fast system in (28) is a linear autonomous system with system matrix

A := ϖ0IN + ηejφ (diag (ς∗)− Y ) .

The complex eigenvalues ofA are denoted as λ1, λ2, · · · , λN , where R(λ1) ≥ R(λ2) ≥ · · · ≥
R(λN ). We term λ1 dominant eigenvalue and assume that λ1 has algebraic multiplicity
one and R(λ1) > R(λ2). This assumption is generic and reflects the actual requirement
that power systems normally operate with only one fundamental-frequency component.
For the dominant eigenvalue λ1, we denote by ψT

1
and ϕ

1
the left and right eigenvectors,

respectively (here, ψ
1
= ϕ

1
sinceA is symmetric). We provide a spectral stability condition

for complex-frequency synchronization of the system in (28).

Condition 1. (Spectral condition): The entries of ϕ
1
are nonzero, and R(λ2) < 0.

Theorem 1. Under Condition 1, the system in (28) achieves complex-frequency synchro-
nization at λ1 for almost all initial state v0 except for the non-generic initial conditionψT

1
v0 =

0 where the voltages v converge to 0N .

The proof is provided in Appendix. Under Condition 1, the response of the linear system
in (28) is dominated by the dominant modal response ϕ

1
ψT

1
v0e

λ1t. The other modes decay
to zero, and consequently the system synchronizes at λ1. In Condition 1, if one entry of
ϕ
1
is zero (this is not generic), then the dominant modal response of the corresponding

node will be zero. If the initial state v0 satisfies ψT
1
v0 = 0 (this is also not generic), then the

overall dominant modal response will be zero. Both cases are not expected by complex-
frequency synchronization. Hence, previous works [13–15] adopted the terminology of
almost global synchronization.

Condition 1 relies on the calculation of eigenvalues of A. While Condition 1 is math-
ematically intuitive, it does not give any physical intuition. In the following, we therefore
provide a parametric stability condition via a Lyapunov analysis.

Condition 2. (Parametric condition): There exists a maximal angle difference δ̄ ∈ [0, π/2)

and a maximal voltage-amplitude ratio deviation γ̄ ∈ (0, 1) such that

|θk − θl| ≤ δ̄,

∣∣∣∣vkvl − 1

∣∣∣∣ ≤ γ̄ (30)

hold for any node pair (k, l) in any synchronous state. Moreover, the power references ς∗k,
the rotation operator ejφ, and the network admittance matrix Y satisfy

max
k

R(ejφς∗k) <
1 + cos δ̄

2
(1− γ̄)2λ2

(
R(ejφY )

)
, (31)

23



POSYTYF Deliverable 4.2

where R(ejφY ) is formed by the real part of the entries of ejφY , and it is, therefore, a Lapla-
cian matrix, and λ2(·) denotes the second largest eigenvalue (a positive real number).

Theorem 2. Under Condition 2, the system in (28) achieves complex-frequency synchro-
nization at λ1 for almost all initial state v0 except for the non-generic initial conditionψT

1
v0 =

0 where the voltages v converge to 0N .

The proof is provided in Appendix. Condition 2 first places a constraint on the angle dif-
ferences and voltage ratios in the synchronous state. This constraint is intuitively reasonable
for power system operation since a healthy synchronous operating point is generally char-
acterized by rather small angle differences and voltage ratios. Condition 2 then bounds
the power setpoints in terms of the algebraic connectivity λ2(·) of the graph correspond-
ing to the real part of the rotated network admittance matrix. This bound quantifies a few
well-known engineering insights: the network should be sufficiently well connected (as re-
flected by λ2(·) > 0) and should not be heavily loaded (cf. the left-hand side of (31)),
and the rotation angle φ should match the impedance angle as closely as possible [7].
In terms of application, Condition 2 is actionable. The synchronization stability assessment
can be performed in a decentralized fashion with the right-hand side network connectivity
information in (31).

Previous dVOC stability studies [13–15] applied two restrictive assumptions, i.e., the net-
work is assumed to have a homogeneous r/ℓ ratio, and the power and voltage setpoints
are considered to be consistent with the power-flow equations. As opposed to this, our
analysis from the perspective of complex-frequency synchronization drops both assump-
tions in light of Condition 2. Namely, we address a network with arbitrary impedance pa-
rameters and consider arbitrary power and voltage setpoints. These two aspects are of
significance. First, an actual power network is generally composed of multiple-level sub-
networks that are with different impedance characteristics. Second, an actual system
almost always operates at a drooped point as a result of load and generation variations
as well as the power and voltage setpoints being often specified individually and thus in-
consistently.

3.2.2 A Frequency-Domain Method

State-space analysis in the time domain typically requires the global information of the
system. Impedance-/admittance-based analysis in the frequency domain is considered
as a local approach [35], where the admittancemodel can be developed either via local
measurements and identification or via a state-space model. We first provide methods to
derive admittance models from the state-space models shown before. We then present
stability analysis by applying the Nyquist criterion. Note that the modeling and analysis are
large-signal because both systems are linear.
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The admittance model of the fast system in (28) is shown in Fig. 4, where each node is
represented by a dynamic admittance. When considering the network dynamics, the net-
work topology should be preserved (without performing Kron reduction). The admittance
model for transmission lines andRLC loads can be obtained readily, e.g., y

l
(s) = 1/(rl+sℓl)

for a transmission line with resistance rl and inductance ℓl, where s denotes a Laplacian
operator. Whenderiving the converter equivalent admittance, wecan further incorporate
the voltage- and current-loop dynamics and the LC filter dynamics (see Fig. 5, where the
inner-loop controllers can be found in [15]), as well as the LVOC dynamics. This is feasible
provided that the inner-loop controllers in complex-voltage and complex-current coordi-
nates are linear [15]. The converter equivalent admittance can then be derived from

yequ,k(s) := −io,k(s)/vk(s).

For example, yequ,k(s) = (s−jω0)e
−jφ/η−ς∗k for the case considering only the LVOC dynam-

ics for converters. Synthesizing all the converter equivalent admittances, the transmission
line admittances, and the load admittances, an admittance matrix Y 0(s) can be formed
to represent the entire fast system in the same way as forming a static admittance ma-
trix. Seen from any node k, the network-side aggregated admittance, yagg,k(s), can be
obtained from the Schur complement of the corresponding block of Y 0(s) [11]. Consider
k = 1, without loss of generality (for the case of k ̸= 1, swap the first and kth rows and then
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the first and kth columns in Y 0(s)). To apply the Schur complement, we partition Y 0(s) into
four blocks as

Y 0(s) =

[
a(s)1×1 bT(s)1×(M+N−1)

c(s)(M+N−1)×1 D(s)(M+N−1)×(M+N−1)

]
.

The network-side aggregated admittance is thus obtained by

yagg,k(s) := a(s)− bT(s)D−1(s)c(s)− yequ,k(s),

where the local converter equivalent admittance is excluded. Note that we are able
to represent the admittance model of the fast system by a complex-coefficient transfer
function because we consider a three-phase balanced system and an admittancematrix
in the form

[ a(s) −b(s)
b(s) a(s)

]
in αβ coordinates is equivalent to a(s) + jb(s) in complex-voltage

coordinates [36].
We consider lk(s) := yagg,k(s)/yequ,k(s) as an admittance ratio to derive an admittance-

based criterion for synchronization stability [37]. LetN1 be the number of counterclockwise
encirclements of the point (−1 + j0) for lk(s) when s traverses the Nyquist contour, where
lk(s) has P1 unstable poles. Let Z1 be the number of unstable poles of the closed-loop fast
system. It follows from the argument principle that Z1 = P1 − N1 [38, Lemma 4.8]. Here,
we seek Z1 ≤ 1, i.e., all closed-loop poles are stable except one accounting for complex-
frequency synchronization.

Proposition 3. A necessary and sufficient condition for the fast system in (28) to be able to
achieve complex-frequency synchronization is Z1 ≤ 1.

The proof of Proposition 3 is straightforward by applying Theorem 1, i.e., R(λ2) < 0 ⇐⇒
Z1 ≤ 1.

Remark 7. Parameter tuning or power setpoint specifying can be performed quickly by
Condition 2, where inner-loop dynamics and transmission line dynamics are ignored. On
this basis, Proposition 3 can be further leveraged for stability checks to confirm the syn-
chronization stability under the tuned parameters or specified power setpoints, where the
dynamics are taken into account.

3.3 Voltage Stabilization Analysis

3.3.1 A Time-Domain Method

Next, we present a time-domain method to show that for the slow system in (29) voltage
stabilization is guaranteed. We rewrite (29) in real-valued variables as

u̇ = ηρ′⋆ − ηG′u+ ηB′θ + ηα (u⋆ − uf )

θ̇ = ω01N − ησ′⋆ − ηB′u− ηG′θ

τ u̇f = u− uf ,

(32)
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Figure 6: The admittance of the slow system, where a Kron-reduced static network is considered
because the system is defined with static dc complex power flow.

where u+ jθ = ϑ, G′ + jB′ = ejφY , and ρ′⋆ − jσ′⋆ = ejφς⋆.
In a steady state, u̇ = 0N but θ̇ ̸= 0N . To denote the steady-state equilibrium, we define

the center-of-angle coordinate as θ0 := 1
T
Nθ/N . Then θ̇0 = ω0 − η1TNσ

′⋆/N . We denote
the angle deviations from θ0 as δ := θ − 1Nθ0. The system in (32) is transformed to the
center-of-angle coordinate frame as

u̇ = ηρ′⋆ − ηG′u+ ηB′δ + ηα (u⋆ − uf )

δ̇ = η
(
1N1

T
Nσ

′⋆/N − σ′⋆
)
− ηB′u− ηG′δ

τ u̇f = u− uf .

(33)

We show in Lemma 2 in Appendix that the system in (33) has a unique equilibrium, which
is denoted by [uTs, δ

T
s,u

T
s]
T.

Theorem 3. The system in (33) is globally asymptotically stable with respect to the equilib-
rium [uTs, δ

T
s,u

T
s]
T. The voltages u and the frequencies θ̇ of the slow system in (32) globally

converge to us and ω0 + η1TNI (ejφς⋆)/N , respectively.

Theorem 3 guarantees voltage stabilization of the slow system, the proof of which is
provided in Appendix. We interpret the steady-state frequency deviation η1TNI (ejφς⋆)/N

as the droop gain multiplied by the average of all the individual rotated active power
setpoints. We relate this result to the fact that the dc complex power flow is lossless, cf.
Remark 3.

3.3.2 A Frequency-Domain Method

Next, we present a frequency-domain method to analyze the voltage stabilization of the
slow system. The admittance model of the slow system in (29) is shown in Fig. 6, where we
consider the Kron-reduced static network since the slow system in (29) was defined with
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static dc power flow. Hence, for each converter node k in (29), we consider

ϑ̇k = ϖ0 + ηejφς⋆k − ηejφςdck + ηα (u⋆k − uf,k)

u̇f,k = 1/τ (R(ϑk)− uf,k) .
(34)

We define the rotated power setpoint as ρ′⋆k − jσ′⋆
k := ejφς⋆k, consistent with the vector

formulation ρ′⋆ − jσ′⋆ = ejφς⋆ in (32). Similarly, we define the rotated power flow as ρ′dck −
jσ′dc

k := ejφςdck . The node dynamics in the frequency domain are then obtained as

1

η

[
s+ ηα

τs+1 0

0 s

]
︸ ︷︷ ︸

Y dc
equ,k(s)

[
uk

θk

]
+

[
ρ′dck

−σ′dc
k

]
=

[
ρ′⋆k + αu⋆k

−σ′⋆
k + ω0/η

]
, (35)

where Y dc
equ,k(s) denotes the converter equivalent admittance and [ρ′⋆k + αu⋆k,−σ′⋆

k + ω0/η]
T

denotes the equivalent reference. To simplify aggregation, we remove the equivalent
reference such that a zero-input system can be considered. This is justified, as the systems
with and without the reference input share the same stability properties, cf. (52). Following
the rotated power in (35) and the static network admittance Y , we obtain the admittance
matrix of the entire slow system as

Y dc(s) := R(ejφY )⊗

[
1 0

0 1

]
+ I (ejφY )⊗

[
0 −1

1 0

]
+ diag

(
{Y dc

equ,k(s)}Nk=1

)
, (36)

where ⊗ denotes the Kronecker product. We can derive from Y dc(s) the network-side
aggregated admittance, denoted by Y dc

agg,k(s), by following a similar procedure as for
the fast system. The admittance model is represented by a real-coefficient 2 × 2 transfer
function matrix, accounting for the existence of the voltage regulation term.

WeconsiderLk(s) := Y
dc
agg,k(s)Y

dc
equ,k(s)

−1 as a return-ratiomatrix to derive anadmittance-
based criterion for voltage stabilization [37]. LetN2 be the number of counterclockwise en-
circlements of the origin by det

(
I +Lk(s)

)
when s traverses the Nyquist contour. Note that

Lk(s) has no unstable poles but has a pole at the origin, cf. (35), and thus, the Nyquist con-
tour should exclude the origin. Moreover, the unity-feedback system of Lk(s) is assumed
to have no hidden unstable modes.

Proposition 4. The slow system is stable if and only if N2 = 0.

The proof of Proposition 4 is immediate by applying the generalized Nyquist stability
criterion [38, Theorem 4.7].

Given the inverse Nyquist criterion [39, Theorem 2.10], the admittance ratio can also be
established by 1/lk(s); the return-ratio matrix can also be formulated byL−1

k (s). The choice
between lk(s) and 1/lk(s) or Lk(s) and L−1

k (s) does not affect stability assessment results
but matters for computational burden [37]. We also note that an alternative criterion for
voltage stability can be established by a SISO equivalent transfer function [40]. Its merit lies
in providing more information such as stability margin than a stability criterion.
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Figure 7: A three-bus system and its network impedance parameters and converter setpoints. Note
that the network has non-uniform r/ℓ ratios and the converters have inconsistent setpoints.

3.4 Case Studies

We illustrate the theoretical results by case studies on a three-bus system in Fig. 7. The
topology represents a Kron-reduced IEEE 9-bus system as in [14]. The line parameters
(non-uniform) and converter setpoints (inconsistent) are indicated in Fig. 7. We model
the converters by an electromagnetic transient (EMT) average-value model, where both
the inner-loop dynamics and the LC filter dynamics are retained and the controllers are
implemented in αβ coordinates [15]. We choose the controller gains η = 0.04 and α = 5

in per-unit, which provide a frequency droop slope of η = 4% and a voltage droop slope
of 1/α = 20% [41]. We choose the filter time constant τ = 0.005 s (a larger τ will deterio-
rate dynamic performance). Moreover, we choose φ = π/4 as a compromise choice to
adapt to the heterogeneous r/ℓ ratios in the grid. The system is identified to be stable for
complex-frequency synchronization by checking that Condition 1 holds.

We illustrate complex-frequency synchronization and voltage convergence with the
simulation results in Fig. 8. The system black-starts from a point close to the origin. Before
0.3 s, the voltage regulation is disabled such that we can observe the phenomenon of
complex-frequency synchronization with the nonzero rocov (rate of change of voltage)
wave and the frequency wave. In particular, the voltages increase at an exponential rate
in the synchronous state. At 0.3 s, the voltage regulation is enabled. The voltages are then
boosted close to the nominal point, during which complex-frequency synchronization per-
sists. At 0.5 s, we change the power setpoint ς1 from 0.6 − j0.4 to −0.1 − j0.9. Afterwards,
we observe a fast complex-frequency synchronization process, which is followed by the
voltages setting down to a new steady state. The active and reactive power sharing fol-
lows when entering the steady state. During the voltage regulation, the complex angle
differences vary around zero, which supports the assumption of dc complex power flow
underlying the previous analysis.
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Figure 8: Simulation verification of complex-frequency synchronization, voltage convergence,
small complex-angle differences, and power sharing.

Given that λ2

(
R(ejφY )

)
≈ 14.2, we emphasize that Condition 2 is satisfied easily for ar-

bitrary power setpoints within the capacity range. This indicates that complex-frequency
synchronization can be readily achieved in the case where the network dynamics can be
neglected. When considering the network dynamics, the synchronization stability is ad-
versely affected [14]. We test the viability of the admittance-based criterion in Proposition
3 to assess the destabilizing effect of the network dynamics. The admittancemodel shown
in Figs. 4 is established with the LVOC dynamics and the network dynamics. We compare
the synchronization stability under η = 0.04 and 0.12. Without considering the network dy-
namics, both cases are identified to be stable by Conditions 1 or 2. The system with the
presence of the network dynamics, however, becomes unstable under the larger gain
η = 0.12. The Nyquist plot of l1(s) in Fig. 9(a) indicates N1 = −1 in this case, while l1(s) has
two unstable poles so that Z1 = 3 > 1. However, we allow at most one unstable closed-
loop pole as synchronous complex frequency. We validate by the Nyquist criterion and
eigenvalue calculation that we need η < 0.082 for stability.

We also test the viability of the admittance-based criterion in Proposition 4 to assess the
voltage convergence. The Nyquist plot of det

(
I + L1(s)

)
is shown in Fig. 9(b), where N2 =

30



POSYTYF Deliverable 4.2

im
ag

. 
ax

is
-2 -1 0 1 2

-2

0

2

4

0 2 4 6
-4

-2

0

2

4

real axis

( 1, 0)j im
ag

. 
ax

is

real axis

0.04

0.12

(a) (b)

(0, 0)j

Figure 9: Nyquist plot (a) for the fast system and (b) for the slow system. The former is asymmetric
about the real axis because l1(s) is complex-coefficient.

0 confirms the voltage stabilization, cf. Proposition 4. We have verified the admittance
model and the criterion under more cases by eigenvalue calculation with the model (52).

3.5 Summary

In this chapter, we investigated complex-frequency synchronization and voltage stabiliza-
tion of dVOC-controlled converter-based power systems. We showed that the dVOC can
achieve complex-frequency synchronization on the fast time scale and then stabilize the
voltage amplitudes on the slower time scale. We also theoretically showed that the dVOC
has superior stability properties in the general case of drooped steady states and nonuni-
form networks. Our study provided both time-domain stability analysis methodologies and
frequency-domain stability criteria. The achieved results are practical to deal with stability
issues in converter-based power systems, such as standalonemicrogrids and offshore wind
power plants connected to high-voltage dc transmission systems.
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4 A Nonlinear Method to Assess the Stability of Converter-Based
Power Systems

In this chapter, we present a nonlinearmethod to assess the nonlinear stability of converter-
based power systems. The nonlinear stability of dVOC (i.e., complex droop control) has
been proven in the literature by prespecifying a nominal synchronous steady state [13–15].
For a general case of non-nominal (i.e., drooped) synchronous steady states, however,
the stability issue requires further investigation. We address the nonlinear stability analysis
for non-nominal synchronous steady states and non-uniform networks. The results in this
chapter have been reported in our preprint [42].

We first leverage the results on complex-frequency synchronization in Section 3.2.1 to
show a condition for the existence of a non-nominal synchronous steady state. We then
show parametric conditions for almost globally asymptotic stability [14, Def. 3] of this syn-
chronous steady state. The stability conditions are rigorous andwithout a linear dc approx-
imation as in Section 3.3. The stability results generalize the previous ones in [14], allowing
drooped operating points and general power networks with arbitrary impedance charac-
teristics. Moreover, the stability results are physically intuitive, providing engineering insights
into power system operation and stability assessment.

When we use the dVOC variant I in (5), the overall system model is given as

v̇ = ϖ0INv + ηejφ(K − Y )v + ηαΦ(v)v, (37)

whereK := diag
(
{(p⋆k − jq⋆k)/v

⋆2
k }Nk=1

)
andΦ(v) := diag

(
{Φk}Nk=1

)
with Φk := (v⋆2k − |vk|

2)/v⋆2k
denoting the voltage regulation error, and IN is an identity matrix.

For the system in (37), a nominal synchronous steady state is a state, where the frequen-
cies synchronize to ω0, and the voltage amplitudes stabilize at their setpoints. To yield these
power and voltage setpoints, they must satisfy the power-flow equations [14]. Otherwise,
the system will operate in a non-nominal (drooped) synchronous steady state, where the
frequencies synchronize to a value deviating from ω0, and the voltage amplitudes stabilize
at drooped points away from their setpoints. In this deliverable, we are concerned with
the stability of (37) with respect to a non-nominal synchronous steady state. First, we inves-
tigate under what conditions a non-nominal synchronous steady state exists. Second, we
aim to look into the stability property of this steady state.

We define an auxiliary system composed of the first two linear terms in the original sys-
tem in (37) as

v̇ = Av, A := ϖ0IN + ηejφ(K − Y ), (38)

which is equivalent to disabling the voltage regulation term in (37) by letting α = 0. In
complex-angle coordinates, the dynamics in (38) corresponds to a complex droop control
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without amplitude regulation (with α = 0)

ϑ̇k = ϖ0 + ηejφ
(
ς⋆k − ςk

)
. (39)

In the following, we first recall our recent results on complex-frequency synchronization of
the system in (38). Based on this, we then show new results on the nonlinear stability of the
original system in (37).

4.1 Complex-Frequency Synchronization

Similar to the time-domain analysis for complex-frequency synchronization performed in
Section 3.2.1, we denote the complex eigenvalues of the system matrix A again as λ1, λ2,
· · · , λN , where R(λ1) ≥ R(λ2) ≥ · · · ≥ R(λN ). We term λ1 the dominant eigenvalue and as-
sume that it has algebraic multiplicity one and R(λ1) > R(λ2). This is a generic assumption,
reflecting the fact that power systems should have only one fundamental component.
We denote the eigenvector of λ1 as ϕ1

(the same for left and right eigenvectors sinceA is
symmetric) and specify the eigenspace spanned by ϕ

1
as a set S, i.e.,

S :=
{
v ∈ CN

∣∣v = µϕ
1
, µ ∈ C

}
.

We restate the parametric stability condition shown in Section 3.2.1 for the auxiliary
system, which guarantees that the system achieves complex-frequency synchronization
on the eigenspace S.

Condition 3 (refer to Condition 2). There exists a maximal phase difference δ̄ ∈ [0, π/2)

and a maximal voltage-amplitude ratio deviation γ̄ ∈ (0, 1) such that |θk − θl| ≤ δ̄ and∣∣vk/vl − 1
∣∣ ≤ γ̄ hold for all k, l ∈ N in any synchronous state. Moreover, the power setpoints

ς⋆k, the rotation operator ejφ, and the network admittance matrix Y satisfy

max
k

R(ejφς⋆k) <
1 + cos δ̄

2
(1− γ̄)2λ2

(
R(ejφY )

)
, (40)

where R(ejφY ) is formed by the real part of the entries of ejφY , and therefore it is a real-
valued Laplacian matrix, and λ2

(
R(ejφY )

)
denotes its second largest eigenvalue (a posi-

tive real number).

Theorem 4 (refer to Theorem 2). Under Condition 3, for almost all initial states v0 except for
the non-generic initial condition ϕT

1
v0 = 0, the system in (38) achieves complex-frequency

synchronization at the donimant eigenvalue, i.e.,ϖsync = λ1, and the voltages v converge
to the eigenspace S.

The interpretation of Condition 3 is deferred to later (after the closely related Condition
5). As shown in the proof of Theorem 2, Condition 3 gives that R(λk) < 0, ∀k ≥ 2. Thus,
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Theorem 4 follows intuitively from the fact that the linear dynamics in (38) are dominated
by the dominant mode eλ1t while the other non-dominant modes decay to zero. When
viewed from complex-angle coordinates, the complex-frequency synchronization is an
outcome of the complex droop control in (39).

Let γ
lk
:= γ

l1
/γ

k1
denotes the complex-voltage ratios for all l, k ∈ N , where γ

k1
:= vk/v1,

∀k ∈ N , is the ratio to the node k = 1. The power-flow equations in (11) can then be
rewritten as ςk =

∑N
l=1 yklγlk. Since v converges to S, γ

lk
converges to a constant ϕ

l1
/ϕ

k1
,

where ϕ
k1
denotes the kth entry ofϕ

1
, andwe note that ϕ

k1
̸= 0 is guaranteed byCondition

3 since the amplitude ratios vk/vl are nonzero and bounded. It follows that both γ
lk
and

ςk remain unchanged in a complex-frequency synchronous state. We emphasize that a
complex-frequency synchronous state is not a steady state unless the complex frequency
is nominal.

4.2 Existence of a Non-Nominal Synchronous Steady State

We impose some constraints on the voltage setpoints for the system in (37) to guarantee
the existence of a non-nominal synchronous steady state. The constraints are imposed
based on the complex-frequency synchronous state of (39).

Condition 4. Condition 3 is satisfied. Further, the voltage setpoints v⋆k are consistent with the
complex-frequency synchronous state of (39) under the given power setpoints ς⋆k. Namely,
there exists a synchronous solution to (41) with frequency ϖsync = λ1 and complex-voltage
ratios γ

lk
∈ C,

ϖsync = ϖ0 + ηejφ
(
ς⋆k −

N∑
l=1

y
kl
γ
lk

)
, ∀k ∈ N , (41)

where v⋆l /v
⋆
k =

∣∣γ
lk

∣∣, ∀k, l ∈ N .

In Condition 4, ϖsync can be drooped. The particular case, ϖsync = ϖ0, leads to a
nominal synchronous steady state, implicitly expressed by the power-flow equations ς⋆k =∑N

l=1 yklγlk with
∣∣γ

lk

∣∣ = v⋆l /v
⋆
k, equivalent to [14, Condition 1] prescribed for a nominal syn-

chronous steady state. Therefore, Condition 4 relaxes [14, Condition 1]. While not encom-
passing all conceivable synchronous steady states, Condition 4 allows the occurrence of
a non-nominal synchronous steady state, as shown in Proposition 5 later.

Lemma 1. The voltage setpoints v⋆k are consistent to satisfy Condition 4 if and only if v⋆l /v⋆k =∣∣ϕ
l1

∣∣/∣∣ϕ
k1

∣∣ holds for all k, l ∈ N , where
∣∣ϕ

k1

∣∣ ̸= 0.

Proof. The set of equations (41) is rewritten as

ϖsync = ϖ0 + ηejφ
(
ς⋆k −

N∑
l=1

y
kl
γ
l1
/γ

k1

)
, ∀k ∈ N ,
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where we have N unknown variables, i.e., γ
21
, · · · , γ

N1
and ϖsync. We further rewrite this

set of equations as

ϖsyncγk1 = ϖ0γk1 + ηejφ
(
ς⋆kγk1 −

N∑
l=1

y
kl
γ
l1

)
, ∀k ∈ N ,

and then reformulate it in a matrix form as

ϖsync
[
γ
11
, · · · , γ

N1

]T
= A

[
γ
11
, · · · , γ

N1

]T
,

whereA is as in (38). This shows thatϖsync is an eigenvaluewith aneigenvector
[
γ
11
, · · · , γ

N1

]T.
Since ϖsync = λ1 given in the synchronous solution,

[
γ
11
, · · · , γ

N1

]T is an eigenvector of
λ1. We therefore obtain that γ

lk
= γ

l1
/γ

k1
= ϕ

l1
/ϕ

k1
. It immediately follows that the volt-

age setpoints are consistent to satisfy v⋆l /v
⋆
k =

∣∣γ
lk

∣∣, ∀k, l ∈ N in Condition 4 if and only if
v⋆l /v

⋆
k =

∣∣ϕ
l1

∣∣/∣∣ϕ
k1

∣∣, ∀k, l ∈ N .

Lemma 1 shows that the voltage setpoints in Condition 4 are restrictive, not as arbitrary
as power setpoints. These constraints not only guarantee the existence of a synchronous
steady state but also directly provide specific steady-state values for frequency and volt-
age (as well as power outputs, without the need for power-flow calculations).

Consider the system in (37) with α ̸= 0 and with consistent voltage setpoints in Condition
4. We define the voltage amplitude steady-state values by a set A as

A :=
{
v ∈ CN

∣∣ |vk| = v⋆k
√
1 + R(λ1)/(ηα), ∀k ∈ N

}
,

and then define a set of synchronous steady states as

I := S ∩ A.

Proposition 5. Under Condition 4, the system in (37) has a synchronous steady state within
the set I, where the synchronous frequency is θ̇k = I (λ1), and the voltage amplitude
steady state is vk = v⋆k

√
1 + R(λ1)/(ηα), k ∈ N .

Proof. We first claim that I is nonempty under Condition 4. This is true because the voltage
amplitudes in A fit the eigenvector in S, i.e., |vl|/|vk| = v⋆l /v

⋆
k =

∣∣ϕ
l1

∣∣/∣∣ϕ
k1

∣∣, ∀k, l ∈ N , where
the second equality follows from Lemma 1. We then show that the set I satisfies frequency
synchronization and voltage steady state. Substituting an element v ∈ I into the system
dynamics in (37), we obtain that

v̇ = Av + ηαdiag
({v⋆2k − |vk|

2

v⋆2k

}N

k=1

)
v

= Av − ηα
R(λ1)

ηα
v

= λ1v − R(λ1)v

= I (λ1)v, ∀v ∈ I,

(42)
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where the second equality holds with the voltage amplitudes specified in A, and the third
equality holds due to v ∈ S. The last equality indicates that both the frequencies θ̇k = I (λ1)

and the voltage amplitudes remain invariant in I. In other words, the system reaches a
synchronous steady state, where the frequencies synchronize and the voltage amplitudes
stabilize.

4.3 A Lyapunov Method to Find Conditions for Stability

Next, we provide a parametric stability condition for the system in (37) and then show an
analytical stability result.

Condition 5. Let Conditions 3 and 4 hold. In terms of Condition 3, it is further assumed that

max
k

R(ejφς⋆k) + α <
1 + cos δ̄

2
(1− γ̄)2λ2

(
R(ejφY )

)
. (43)

Compared to (40) in Condition 3, (43) in Condition 5 is strengthened with the appear-
ance of the voltage regulation gain α on the left-hand side. This coincides with the fact
that the system in (37) is augmented with voltage regulation compared to (38). In Con-
dition 3 or 5, the assumptions on the phase differences and the voltage ratios in the syn-
chronous (steady) state are reasonable and reflect operational constraints since power
systems are supposed to operate in a healthy state with close node voltages and phase
angles. Moreover, R(ejφY ) is a real-valued Laplacian matrix, and therefore, λ2

(
R(ejφY )

)
denotes the algebraic connectivity of the graph corresponding to the real part of the
rotated admittance matrix. The inequality (43) quantifies the margin of stability, for which
the network should be sufficiently well connected and not be heavily loaded, and the volt-
age regulation should not be too fast. We relate (43) to the previous conditions in [13–15]
in the sense that (43) extends the previous ones to non-synchronous steady states as well
as non-uniform networks. In particular, the term R(ejφY ) quantifies how the real part of
the rotated admittance matrix matters for stability, which unveils a new stability factor for
networks with non-uniform r/ℓ ratios. To yield a large real part, the rotation angle φ used in
the dVOC controller should match the network impedance angle as closely as possible.

Theorem 5. Under Condition 5, the system in (37) is almost globally asymptotically stable
with respect to the set I.

The proof is provided in Appendix, which is based on a Lyapunov nonlinear method.
Theorem5 shows the stability guaranteewith respect to the set of non-nominal synchronous
steady states.

Following up on Theorem 5, we can further consider the network dynamics and the
voltage and current control dynamics. In this case, we can extend the stability analysis for
non-nominal synchronous steady states to multiple time scales by applying nested singular
perturbations [15].
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Figure 10: A three-bus test system with inconsistent power setpoints and non-uniform r/ℓ ratios.

4.4 Case Studies

We illustrate the theoretical results by an electromagnetic transient (EMT) simulation on a
three-bus system in Fig. 10, where the systemmodel, parameters, and control gains remain
identical to those in Section 3.4. We calculate the synchronous complex frequency ϖsync

by λ1 as 4.13 + j314.19 rad/s. We then specify the voltage setpoints using Lemma 1 as
(v⋆1, v

⋆
2, v

⋆
3) = (0.9612, 0.9469, 0.9498) satisfying Condition 4, and consider the constraint on

the steady state as δ̄ = π/6 ∈ [0, π/2) and γ̄ = 0.2 ∈ (0, 1). By identifying that Condition 5
holds, we can conclude that the system is almost globally asymptotically stable.

The system black-starts from a point close to the origin. In Fig. 11, we observe that
complex-frequency synchronization is achieved during 0 to 0.2 s. In this period, voltage
regulation is disabled, and the voltage amplitudes increase exponentially. At 0.2 s, we
enable the voltage regulation, after which the voltage amplitudes are lifted rapidly close
to their setpoints (but with deviations due to the steady state being drooped). At 0.4 s,
we uniformly scale the voltage setpoints up to 105% (Condition 4 still holds), and then the
voltages converge to a new steady state while the frequency settles down to the original
steady state. At 0.6 s, an additional load is connected. Afterward, the voltage setpoints
are no longer consistent with Condition 4. We note, however, that the system remains
stable in a new synchronous steady state due to the robustness of the droop-like behavior.
The relaxation of Condition 4 to all conceivable synchronous steady states needs to be
investigated further.

4.5 Summary

In this chapter, we investigated the nonlinear stability of grid-forming complex droop con-
trol (i.e., dVOC) in converter-based power systems by a Lyapunov nonlinear method. We
provided parametric conditions for almost globally asymptotic stability of complex droop
control with respect to non-nominal synchronous steady states, which apply to networks
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Figure 11: Simulation of a black start, followed by voltage regulation enabled at 0.2 s, voltage set-
points scaling up to 105% uniformly at 0.4 s, and a load step change at 0.6 s.

with non-uniform r/ℓ ratios. The conditions quantified the operational requirements for a
global stability guarantee, thus providing practical guidelines for the stable operation of
converter-based power systems (typicallymicrogrids). The results also suggested that com-
plex droop control has better stability properties than the standard droop control.
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5 Conclusions

This deliverable addresses the progressWP 4made toward novel stability and assessment in
future power systems. The main focus is on the stability problem of converter-based power
systems, where the converters are controlled by an advanced grid-forming controller, i.e.,
dispatchable virtual oscillator control (dVOC). We provide an insightful understanding of
dVOC as complex droop control with respect to both the rate of change of voltage and
the frequency. In this sense, the dVOC grid-forming control can be seen as a new grid
ancillary service compared to the standard p-f droop control (i.e., primary frequency reg-
ulation). We provide a few linear methods as well as a nonlinear one to investigate the
stability problem from the perspective of complex-frequency synchronization and voltage
stabilization.

In terms of the linear methods, we provide spectral conditions and parametric con-
ditions for complex-frequency synchronization of complex droop control. We show that
complex droop control can achieve complex-frequency synchronization on the fast time
scale and then stabilize the voltage amplitudes on the slower time scale. We also show
that complex droop control has superior stability properties in the general case of drooped
steady states and nonuniform networks. These linear methods are practical to deal with
stability issues in converter-based power systems.

In terms of the nonlinear method, we provide parametric conditions for almost globally
asymptotic stability of complex droop control with respect to non-nominal synchronous
steady states, which also apply to nonuniform networks. The conditions quantify the oper-
ational requirements for a global stability guarantee, thus providing practical guidelines for
the stable operation of converter-based power systems. The results are rigorous by com-
parison with the linear methods, thus rigorously showing that complex droop control has
better stability properties than the standard droop control.

In general, future power systems host both converter resources and synchronous gen-
erators. In terms of converters, grid-following control will still account for a large proportion
of their control strategies. To further address the stability assessment of such hybrid power
systems, our future research will investigate, among others, the extensions of the results
on complex-frequency synchronization for GFM converter-based power systems to more
general power systems with both converters and generators.
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Appendix

Proof of Theorem 1. Since the dominant eigenvalue λ1 has algebraic multiplicity one, the
dominant mode is denoted by eλ1t. The response of vk is composed of a series of modes,
where we separate out the dominant modal response as v1k. By spectral decomposition,
state equation decoupling, and modal response representation [43, Sec. 12.2.4], we ob-
tain that v1 := [v11, · · · , v1N ]T = ϕ

1
ψT

1
v0e

λ1t, where v0 is an initial state. We first consider the
case where ψT

1
v0 ̸= 0. We obtain the following limit for any node pair (k, l)

lim
t→∞

vk
vl

= lim
t→∞

v1k + (vk − v1k)

v1l + (vl − v1l )

= lim
t→∞

ϕ
k1
z0 + (vk − v1k)e

−λ1t

ϕ
l1
z0 + (vl − v1l )e

−λ1t

=
ϕ
k1

ϕ
l1

,

(44)

where ϕ
l1

̸= 0 is the lth entry of ϕ
1
, and the third equality holds because R(λ1) is larger

than the real part of the eigenvalues for the other non-dominant modes in (vk − v1k), i.e.,
R(λ1) > R(λ2). We then obtain for the system (28) that

lim
t→∞

v̇k
vk

= ϖ0 + ηejφ
(
ς∗k − lim

t→∞

N∑
l=1

y
kl

vl
vk

)
= ϖ0 + ηejφ

(
ς∗k −

N∑
l=1

y
kl

ϕ
l1

ϕ
k1

)
= λ1,

(45)

where the last equality holds due toAϕ
1
= λ1ϕ1

, namely,ϖ0ϕk1
+ηejφ

(
ς∗kϕk1

−
∑N

m=1 ykmϕ
m1

)
=

λ1ϕk1
. It follows from (45) that the complex frequencies converge to the dominant eigen-

value, i.e.,ϖsync = λ1. Power systemoperation requires that only one fundamental-frequency
component is present in the synchronous state, cf. Remark 1. This is an additional require-
ment for Definition 3. It is apparent that R(λ2) < 0 fulfills this requirement since the non-
dominant modes decay to zero.

We finally consider the special case where ψT
1
v0 = 0. In this case, the dominant modal

response v1 = ϕ
1
ψT

1
v0e

λ1t = 0. The voltages converge to 0N due to R(λ2) < 0.

Proof of Theorem 2. We first show that Condition 2 guarantees that the voltages with initial
condition satisfying ψT

1
v0 ̸= 0 converge to the eigenspace spanned by ϕ

1
, which is de-

noted by S. A matrix P := IN −ϕ
1
ϕH
1
/(ϕH

1
ϕ
1
) is defined as the projector onto the subspace

orthogonal to S. Then, the distance of the point v to the set S is given by ∥v∥S = ∥P v∥.
Notice that P H = P and P 2 = P . The square of the distance is ∥v∥2S = vHP v. We consider
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the Lyapunov function
V (v) :=

1

2
∥v∥2S =

1

2
vHP v. (46)

The time derivation of V (v) along the trajectories of the system (28) is given by V̇ (v) =
1
2v

H(AHP +P A)v. FromAϕ
1
= λ1ϕ1

and P = IN−ϕ
1
ϕH
1
/(ϕH

1
ϕ
1
), we obtain thatA−λ1IN =

(A − λ1IN )P , and further that A = AP + λ1(IN − P ). It follows that P A = P AP and
AHP = P AHP . Therefore, we obtain

V̇ (v) =
1

2
vHP

(
A+AH)P v

= ηvHP
[
R(ejφdiag (ς∗))− R(ejφY )

]
P v.

(47)

It follows that V̇ (v) ≤ 0 ⇐⇒ vHPR(ejφdiag (ς∗))P v ≤ vHPR(ejφY )P v. In the following,
we bound the left-hand and right-hand sides of this inequality separately.

Since R(ejφdiag (ς∗)) is a diagonal matrix, we obtain

vHPR(ejφdiag (ς∗))P v ≤ ∥v∥2S max
k

R(ejφς∗k). (48)

To bound the right-hand side term vHPR(ejφY )P v, we define another projector onto the
orthogonal subspaceof the span of 1N asΠ := IN−1N1TN/N satisfyingΠT = ΠandΠ2 = Π.
Since R(ejφY ) is a Laplacian matrix, its smallest eigenvalue is zero and the corresponding
right and left eigenvectors are 1N . It follows that R(ejφY ) = R(ejφY )Π = ΠR(ejφY ). We
bound the right-hand side term as follows

vHPR(ejφY )P v = vHPΠR(ejφY )ΠP v

≥ λ2

(
R(ejφY )

)
∥ΠP v∥2

= λ2

(
R(ejφY )

)(
vHP v − vHP1N1TNP v/N

)
= λ2

(
R(ejφY )

)(
vHP v − vHP (P1N )(P1N )HP v/N

)
≥ λ2

(
R(ejφY )

)
∥v∥2S

(
1− ∥P1N∥2/N

)
= λ2

(
R(ejφY )

)
∥v∥2S

(
1− 1

T
NP1N/N

)
= λ2

(
R(ejφY )

)
∥v∥2S

(
1
T
Nϕ1

ϕH
1
1N/(NϕH

1
ϕ
1
)
)

= λ2

(
R(ejφY )

)
∥v∥2S

1

N
N∑
k=1

∣∣ϕ
k1

∣∣2
N∑
k=1

N∑
l=1

ϕ
k1
ϕ
l1

= λ2

(
R(ejφY )

)
∥v∥2S

1

N
N∑
k=1

∣∣ϕ
k1

∣∣2×[
N∑
k=1

∣∣ϕ
k1

∣∣2 + 2
N∑
k=1

l<k∑
l=1

∣∣ϕ
k1

∣∣∣∣ϕ
l1

∣∣cos(∠ϕ
k1

− ∠ϕ
l1

)]
,

where the first inequality holds because the smallest Rayleigh quotient ofΠP v orthogonal
to the eigenvector 1N of the smallest eigenvalue is the second smallest eigenvalue. The
second inequality holds due to the Cauchy-Schwarz inequality.
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When ψT
1
v0 ̸= 0, it holds that limt→∞(vk/vl) = ϕ

k1
/ϕ

l1
as in (44), where ϕ

l1
̸= 0 holds for

all l since (30) requires the synchronous-state voltage amplitude ratio to be nonzero and
bounded. Then, the synchronous-state constraints in (30) can be converted into

∣∣∠ϕ
k1

−
∠ϕ

l1

∣∣ ≤ δ̄ and
∣∣|ϕ

k1
|/|ϕ

k1
| − 1

∣∣ ≤ γ̄. Following an analogous argument as in the proof of [14,
Lemma 2], the term vHPR(ejφY )P v can be bounded as

vHPR(ejφY )P v ≥ λ2

(
R(ejφY )

)
∥v∥2S

min
k

∣∣ϕ
k1

∣∣2
max

k

∣∣ϕ
k1

∣∣2 1 + cos δ̄
2

≥ λ2

(
R(ejφY )

)
∥v∥2S(1− γ̄)2

1 + cos δ̄
2

.

(49)

By substituting (48) and (49) into (47), we observe that the parametric relationship in
(31) is sufficient for

V̇ (v) < 0, ∀v /∈ S. (50)

We conclude from (46) and (50) that the system (28) is asymptotically stable with respect to
the eigenspace S for any initial states v0 satisfying ψT

1
v0 ̸= 0. From limt→∞(vk/vl) = ϕ

k1
/ϕ

l1
,

we further obtain that lim
t→∞

(v̇k/vk) = λ1 as in (45). This shows that the system (28) synchronizes
at λ1.

Moreover, theasymptotic stability implies limt→∞ ∥v∥2S = 0, which suffices to showR(λk) <

0 for all k > 1. It then follows that the voltages converge to 0N for ψT
1
v0 = 0.

Lemma 2. The system in (33) has a unique equilibrium [uTs, δ
T
s,u

T
s]
T, where [uTs, δ

T
s]
T is the solu-

tion of 
G′ + αIN −B′

B′ G′

0TN 1
T
N


︸ ︷︷ ︸

A

[
us

δs

]
=


ρ′⋆ + αu⋆

1N1
T
Nσ

′⋆/N − σ′⋆

0


︸ ︷︷ ︸

b

. (51)

Proof. We assume that there are equilibria in the system (33). Then, it holds that u̇ = 0N ,
δ̇ = 0N , and u = uf in the equilibria. Thus, (51) follows from (33). The set of equations (51)
has a unique solution if and only if the rank condition rank (A) = rank ([A, b]) = 2N holds.
The topN rows ofA are linearly independent because of the presence of αIN . Themiddle
N rows have a row rank ofN−1 becauseB′ andG′ are Laplacian. Also, themiddleN rows
of [A, b] have a row rank of N − 1 because of 1TN

[
B′,G′,1N1

T
Nσ

′⋆/N − σ′⋆] =
[
0TN , 0TN , 0

]
.

Therefore, the rank condition holds, indicating the system (33) has a unique equilibrium.

Proof of Theorem 3. Wedefine an error coordinate as [ũT, δ̃T, ũTf ]T := [uT, δT,uTf ]
T−[uTs, δ

T
s,u

T
s]
T

to shift the equilibrium to the origin. The resulting error dynamics are then given as

˙̃u = −ηG′ũ+ ηB′δ̃ − ηαũf

˙̃
δ = −ηB′ũ− ηG′δ̃

τ ˙̃uf = ũ− ũf .

(52)
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A positive-definite Lyapunov function is given by

W (ũ, δ̃f , ũ) =
1

2
ũTũ+

1

2
δ̃Tδ̃ +

1

2
ηατ ũTf ũf .

The time derivative of it along (52) is

Ẇ (ũ, δ̃f , ũ) = −ηũTG′ũ− ηδ̃TG′δ̃ − ηαũTf ũf ,

which is negative semi-definite. From Ẇ (ũ, δ̃f , ũ) = 0, (52), and 1
T
N δ̃ = 0, we obtain that

[ũT, δ̃T, ũTf ]
T = 03N . It follows from the LaSalle’s invariance principle [44, Corollary 4.2] that

the system (52) is globally asymptotically stable with respect to the origin. Equivalently, the
system (33) is globally asymptotically stable with respect to the equilibrium [uTs, δ

T
s,u

T
s]
T.

For the slow system (32), u → us and θ̇ → δ̇ + 1N θ̇0 → ω01N − η1N1
T
Nσ

′⋆/N as t → ∞.
Namely, the voltages u and frequencies θ̇ of the slow system (32) globally converge to us

and ω0 + η1TNI (ejφς⋆)/N , respectively.

Lemma 3. Under Condition 4, ∀v ∈ CN , it holds that

vH
(
ΦP + PΦ

)
v ≤ 2vHP v. (53)

Proof. We rewrite (53) in real-valued variables as

vT
(
ΨP + PΨ

)
v = 2vTPΨv ≤ 2vTPv (54)

where v := R(v) ⊗ [1 0]T + I (v) ⊗ [0 1]T, Ψ := Φ ⊗ I2, and P := I2N − ϕ1ϕ
T
1/

∑N
k=1

∣∣ϕ
k1

∣∣2 with
ϕ1 := R(ϕ

1
)⊗ [ 1 0

0 1 ] + I (ϕ
1
)⊗

[
0 −1
1 0

]
. We expand vTPΨv as

vTPΦv = vTPv − vTdiag
({ v2k

v⋆2k
I2

}N

k=1

)
Pv.

Since v⋆l /v
⋆
k =

∣∣ϕ
l1

∣∣/∣∣ϕ
k1

∣∣, ∀k, l ∈ N , follows from Lemma 1 under Condition 4, there exists
a positive real number ζ > 0 such that v⋆k = ζ

∣∣ϕ
k1

∣∣, ∀k ∈ N . Then, the inequality in (54) is
equivalent to

−vTdiag
({ v2k

v⋆2k
I2

}N

k=1

)
Pv ≤ 0,

vTPv − ζ2vTdiag
({ v2k

v⋆2k
I2

}N

k=1

)
Pv ≤ vTPv,

vTPv − vTdiag
({ v2k∣∣ϕ

k1

∣∣2 I2}N

k=1

)
Pv ≤ vTPv.

The above last inequality is equivalent to [14, Lemma 1]. This completes the proof.

Lemma 4. Under Condition 5, ∀v ∈ CN , it holds that

1

2
vHP

(
AH +A+ 2ηα

)
P v ≤ −ηc∥v∥2S . (55)
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Proof. With c given in (57) under Condition 5, the inequality (55) is equivalent to

1

2
vHP

(
AH +A)P v ≤ ∥v∥2S

[
max

k
R(ejφς⋆k)−

1 + cos δ̄
2

(1− γ̄)2λ2

(
R(ejφY )

)]
.

This holds by referring to the result on complex-frequency synchronization in Theorem 2.

Proof of Theorem 5. We use a similar proof as in [14, Sec. IV-C]. The main difference
from the proof in [14] is that we need to adapt the Lyapunov function to non-nominal
synchronous steady states. Moreover, we work with complex variables to handle the
complex-valued admittance matrix Y .

A matrix P := IN − ϕ
1
ϕH
1
/(ϕH

1
ϕ
1
) is defined as the projector onto the subspace orthog-

onal to S. The distance of v to the set S is then given by ∥v∥S = ∥P v∥. From P H = P

and P 2 = P , it follows that vHP v = ∥P v∥2 = ∥v∥2S . We consider a Lyapunov function
candidate V as

V :=
1

2
vHP v +

1

2
ηαα1

N∑
k=1

(
R(λ1)

ηα
v⋆k +

v⋆2k − |vk|
2

v⋆k

)2

.

where the constant α1 is given by

α1 :=
ηc

5∥A− λ1IN∥2
> 0 (56)

with the constant c > 0 defined by

c :=
1 + cos δ̄

2
(1− γ̄)2λ2

(
R(ejφY )

)
−max

k
R(ejφς⋆k)− α. (57)

We observe that V (v) is positive definite and radially unbounded with respect to the com-
pact set I = S ∩ A. We derive the derivative of V (v) along the dynamics in (37) as

V̇ =
1

2
vH(AHP + P A)v +

1

2
ηαvH(ΦP + PΦ)v − 2α1

N∑
k=1

(
R(λ1) + ηαΦk

)
R(v̇kvk),

where d
dt(|vk|

2) = d
dt(vkvk) = v̇kvk + vkv̇k = 2R(v̇kvk). We further obtain from Aϕ

1
= λ1ϕ1

as well as P = IN − ϕ
1
ϕH
1
/(ϕH

1
ϕ
1
) that A− λ1IN = (A− λ1IN )P , and then that A = AP +

λ1(IN − P ). It follows that P A = P AP and AHP = P AHP . Using these dependencies,
we can rewrite V̇ , and then bound it using Lemmas 3 and 4 (see Appendix) as

V̇ =
1

2
vHP (AH +A)Pv +

1

2
ηαvH(ΦP + PΦ)v − 2α1

N∑
k=1

(
R(λ1) + ηαΦk

)
R(v̇kvk)

≤ 1

2
vHP (AH +A+ 2ηα)Pv − 2α1

N∑
k=1

(
R(λ1) + ηαΦk

)
R(v̇kvk)

≤ −ηc∥v∥2S − 2α1

N∑
k=1

(
R(λ1) + ηαΦk

)
R(v̇kvk). (58)
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We bound the summation term in (58) as

N∑
k=1

(
R(λ1) + ηαΦk

)
R(v̇kvk)

= R
[
vH

(
R(λ1)IN + ηαΦ

)
v̇
]

= R
[
vH

(
R(λ1)IN + ηαΦ

)(
A+ ηαΦ

)
v
]

= R
[
vH

(
R(λ1)IN + ηαΦ

)
(A− λ1IN )Pv

]
+ R

[
vH

(
R(λ1)IN + ηαΦ

)(
λ1IN + ηαΦ

)
v
]

= R
[
vH

(
R(λ1)IN + ηαΦ

)
(A− λ1IN )Pv

]
+ vH

(
R(λ1)IN + ηαΦ

)(
R(λ1)IN + ηαΦ

)
v

≥ −
∣∣∣vH(R(λ1)IN + ηαΦ

)
(A− λ1IN )Pv

∣∣∣+ ∥∥(R(λ1)IN + ηαΦ
)
v
∥∥2

≥ −
∥∥(R(λ1)IN + ηαΦ

)
v
∥∥∥A− λ1IN∥∥v∥S +

∥∥(R(λ1)IN + ηαΦ
)
v
∥∥2. (59)

We next show that ∀v ∈ CN , it holds that

V̇ ≤ −α1

(
∥A− λ1IN∥∥v∥S +

∥∥(R(λ1)IN + ηαΦ
)
v
∥∥)2 . (60)

We substitute (59) into (58) and then notice that the following inequality suffices to show
(60),

− ηc∥v∥2S + 2α1

∥∥(R(λ1)IN + ηαΦ
)
v
∥∥∥A− λ1IN∥∥v∥S − 2α1

∥∥(R(λ1)IN + ηαΦ
)
v
∥∥2

≤ −α1

(
∥A− λ1IN∥∥v∥S +

∥∥(R(λ1)IN + ηαΦ
)
v
∥∥)2 .

This inequality is equivalent to

x(v)TQx(v) ≥ 0, ∀v ∈ CN ,

where
x(v) :=

[
∥v∥S ,

∥∥(R(λ1)IN + ηαΦ
)
v
∥∥]T

and

Q :=

[
ηc− α1∥A− λ1IN∥2 −2α1∥A− λ1IN∥
−2α1∥A− λ1IN∥ α1

]
.

With α1 > 0 given in (56), Q is positive semidefinite since the Schur complement gives
ηc− 5α1∥A− λ1IN∥2 ≥ 0. We now conclude that (60) holds.

We have that V̇ = 0 in (60) if and only if ∥v∥S = 0 and
∥∥(R(λ1)IN + ηαΦ

)
v
∥∥ = 0. Both the

set I and the origin 0N satisfy V̇ = 0. We refer to [14] for the result that 0N is an exponentially
unstable equilibrium and its region of attraction has zero Lebesgue measure. We finally
apply [14, Thm. 1] to conclude that the set I is almost globally asymptotically stable.
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